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Abstract 

We prove the equivalence of Hardy- and Sobolev-type inequalities, certain 
uniform bounds on the heat kernel and some spectral regularity properties of 
the Neumann Laplacian associated with an arbitrary region of finite measure 
in Euclidean space. We also prove that if one perturbs the boundary of the 
region within a uniform Holder category then the eigenvalues of the Neumann 
Laplacian change by a small and explicitly estimated amount. 

AMS subject classifications: 35P15, 35J25, 47A75, 47B25 
keywords: Neumann Laplacian, Sobolev inequalities, Hardy inequalities, 
spectral stability, Holder continuity. 



1 Introduction 

Let f2 be an arbitrary region in R^ and let us define the Neumann Laplacian to be 
the non-negative self-adjoint operator H = —A^ acting in L 2 (Q) and associated 
with the quadratic form 



Q(f) 



J Q \Vf\ 2 d N x if feW 1 ' 2 ^) 
+00 otherwise 



as described in j7|, Section 4.4]. It is well known that if Q is bounded with contin- 
uous boundary dQ then H has compact resolvent since the embedding W 1,2 (Q) C 
L 2 (fl) is compact, ||. However, in general the spectrum of H may be quite wild, 
even for bounded regions in R 2 , [TT|. These phenomena are not well understood, 
with the result that the Neumann Laplacian is far less studied than the Dirichlet 
Laplacian. 
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In this paper we prove a number of general results concerning the spectral behaviour 
of the Neumann Laplacian. We start by investigating the relationship between 
Hardy-type and Sobolev-type inequalities for arbitrary regions of finite inradius. 
We then establish the equivalence of Sobolev-type inequalities to some spectral 
properties of the Neumann Laplacian. The results apply in particular to bounded 
regions with Holder continuous boundaries. 

Even if one knows that the spectrum is discrete, the numerical computation of the 
eigenvalues by the finite element or other methods depends upon the assumption 
that if one replaces a very irregular boundary by a suitable polygonal or piecewise 
smooth approximation then the eigenvalues are very little affected. This continuous 
dependence of the spectrum on the boundary holds in great generality for Dirichlet 
boundary conditions, but is much less obvious for Neumann boundary conditions. 

In the last part of the paper we investigate the effect of perturbing the boundary. 
We first prove a quasi-monotonicity property of the eigenvalues when the region 
decreases, under suitable regularity hypotheses on the larger region. We then 
apply a scaling trick to prove that the eigenvalues vary continuously with the 
region provided the boundaries of the regions concerned satisfy a uniform Holder 
condition. Moreover the change in the eigenvalues of the Neumann Laplacian is 
explicitly estimated. 

Many of the results of this paper apply not only to the Neumann Laplacian but 
to general strictly elliptic second order operators or Schrodinger operators whose 
quadratic form domains are contained in W 1,2 (Q). The proofs need almost no 
alterations. 



2 Relationship between the Sobolev and Hardy- 
type Inequalities 

Let Q C R N be a region with a finite measure for x £ fl, d(x) be the distance 
of the point x from the boundary dfl of fl and, for e > 0, 

d £ tt = {x £ Q : d(x) < e}. 

The Minkowski dimension of dfl relative to Q (briefly, the Minkowski dimension 
of dfl) is the following quantity 

M(dfl) = inf {A > : M x (dfl) < oo}, 

where 

M\dQ) =limsup^l. 

Obviously M(dfl) < N. However there exist fl such that M x (dfl) = oo for all 
A £ (0, JV), ||. It can be proved that M(dfl) > N - 1, flTJ]. If ft satisfies the cone 
condition, then M(dfl) = N - 1, 0. 
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Recall that a Whitney covering W of an open set f2 is a family of closed cubes Q 
each having edge length Lq = 2~ k , k = 1, 2, such that 

(i) fi= U Q; 

(ii) the interiors of distinct cubes are disjoint; 
(hi) diam(Q) < dist (Q,dQ) < 4diam(Q); 

(iv) idiam (Q 2 ) < diam (Q x ) < 4 diam (Q 2 ) if Q 1 f]Q2^ &; 

(v) at most 12 N other cubes in W can touch a fixed Q G W, and for a fixed 
t G (1, 5/4) each x G f2 lies in at most 12^ of the dilated cubes tQ, Q G W. 

It is known (see, for example, [17], Chapter VI]) that such a covering exists for any 
Q. Note that condition (iii) implies that diam (Q) < d(x) < 5 diam (Q) for any 
x G Q. 

Let, for a positive integer fc, n(/c) denote the number of cubes in W4 = {Q G 
W : Lq = 2~ fc }. If Q has finite measure, then n(k) < Ci2 Nk , where C\ > is 
independent of k. Moreover, M x (dQ) < oo if, and only if, n(k) < C22 Xh , where 



c 2 > is independent of k, [ 1 3 



Let < 7 < 1, M, S > 0, s > 1 be an integer, and let {Vj}* =1 be a family of 
bounded open cuboids and {Xj}j =l be a family of rotations. We say that, for a 
bounded region C R n , its boundary <9f2 G Lip (7, M, 5, s, {Vj} s j=1 , {Xj} s j=1 ) if 

(i) fiC U (Vj) s , where {Vj) 5 = {x G ^ : dist (x, dV,) > 5}, and (V^ n ft ^ 0; 

(ii) for j = 1, ...,s 

= { 2; G R w : Oij <Xi< bij, i = 1, N}, 
Aj(fi n Vj) = {x G R w : a^vj < Xjv < y?j(x), x G 
where 2 = (xi, ...,xn-i), Wj = {16 H N ~ 1 : < Xi < by, i — 1, ...,iV — 1} and 
|^-(x) - (pj(y)\ < M\x — y\ y , x, y G PF,-; 

(iii) if V,- fl SO ^ 0, then 

a N j + 5 < fj{x) < b N j — 5, x G Wj. 
However, if Vj C f2, then <fj(x) = b^j- 

We also say that, for a bounded region Q and < 7 < 1, dfl G Lip 7 if there exist 
M,5 > 0, an integer s > 1, a family of bounded open cuboids {Vj} s j =1 and a family 
of rotations {Xj} s j=1 such that <9f2 G Lip (7, M, 5, s, {V^}* =1 , {Aj}^ =1 ). 

If O is a bounded region and dfl G Lip 7, then M(dfl) < N — 7. Moreover, if 
<9fi G Lip (7, M, 5, s, {Vj}j =1 , {Xj}j = i), there exist £o) a o > 0, depending only on 
N, 7, M, 5, s, {Vj} s j=1 , {Xj} s j=1 , such that for all < e < e 

\d £ Q\ < a e 7 . (2) 
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Theorem 1 Let tt C R w be a region with a finite inradius, i.e., supd(x) < oo, 
and let 1 < p < oo. 

1. If for some a > 0,ci > 

||d- a /lk(n)<ci H/H^n) (3) 
for all f G W 1,P {VL), then there exists c<i > such that 

||/IU«(n) < c 2 \\f\\wi.*>(n) (4) 

/or a// / G jy 1,p (fi) ; where q = jf^, M = N(l + a) if N > p and q is any number 
such that p < q < p{l + ^) if N < p. 

2. If for some a > 

/ d^-^z < oo (5) 
n 

and /or some q > p and c 2 > inequality (4) holds, then there exists C\ > suc/i 
£/ia£ inequality (3) /ioWs a = er(i — =). 

Proof 1. First we note that there exists C3 > such that 

\\d N{ p~r ] f\\ L r m < c 3 ||/||vyi,P(n) 

for all / G W 1,p (fi), where r = if N > p and p<r<ooifiV<£>. This 
inequality follows by scaling the standard Sobolev inequality for cubes and by using 
the Whitney decomposition of Q. (It is contained in a more general statement of 
such type proved by R.C. Brown || Theorem 3.1].) 

Let < A < 1 and q G (p, r) be such that 

1 _ 1-A A 

q p r 

Bearing in mind that 

l/H^-^l/l)""^^!/!)" 

we choose A so that N(- — }.)jzr\ — a - Then 



x _a/a 1 IX- 1 _/a 1 l\|T/a 1 1\ a (I 1 
N\N p r) ' \N p r) _p\N p r) N\p r 

By applying Holder's inequality with the exponents ^zr and £ we have 

< ii^/ite^ii^^Viiir^ < c{- x c x 3 \\f\\ w ,, P{n) . 
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If N > p, then r = and hence q = -jjz^- If N < p, then by passing to the limit 
as r — > oo we see that q can be any real number satisfying p < q < p(l + ^?). 

2. The second statement follows immediately by Holder's inequality with the 
exponents and q: 

Wd^fh^n) < \\d- a \\ L ^ {n) \\f\\ Lq(n) < (J d(x)-°d N x y~~ q c 2 \\f\\ w ., P{Q) . 



Corollary 2 Let C R be a region of finite measure and 1 < p < oo. Then the 
following conditions are equivalent. 

(a) For some a, C\ > inequality (3) holds for all f G W 1,P (VL). 

(b) For some o > condition (5) is satisfied and for some q > p and c 2 > 
inequality (4) holds for all f G W^ p (Vt). 

(c) M(dQ) < N and for some q > p and c 2 > inequality (4) holds for all 
f G W l > p {Vl). 

Proof Inequality (3) implies, by putting / = 1, that 

J d(x)- ap d N x < c?|n| . 
h 

Now it suffices to recall that, for regions Q of finite measure, the inequality M(dQ) < 
N is equivalent to the existence of \i G (0, 1) such that f n d(x)~^ d N x < oo, p. 



3 Equivalence of the Sobolev-type inequalities to 
some spectral properties of Neumann Lapla- 
cian 

In this section we assume that Q is a region in and suppose that H = —A^ 
acts in L 2 (Q) subject to Neumann boundary conditions. 

Proposition 3 Assume that N > 2 and that Q C H. N is any region. 

1. Let 2 < q < ^ if N > 3, 2 < q < oo if N = 2 and M = Then the 

following conditions are equivalent. 

(d) There exists C4 > such that 

||/IU«(n) < C4 ||/|| W i,a ( n) (6) 

for allfe W 1,2 (fi). 
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(e) There exists C5 > such that 

||e-*VlU~(fi) < c 5 t- M / 4 \\f\\ L2m (7) 
for all f £ L 2 (Q) and allO<t<l. 

(f) The semigroup e~ Ht has a continuous integral kernel K(t, x, y), t > 0, x, y £ Q 
and there exists Cq > such that 

0<K(t,x,y)<c 6 t- M / 2 (8) 

for all x, y £ Q and < t < 1. 

2. Lei < 7 < 1, Q be bounded and dQ £ Lip 7. 7/7 = 1, tnen fdj zs satisfied with 
q = /or > 3 (hence in (7) and (8) M = AT) and wift any 2 < g < 00 /or 
N = 2 (hence in (7) and (8) any M > 2). 7/0 < 7 < 1, £nen (d) is satisfied with 
q = (nence zn (7) and (8) M = 2±f=±). 

The first statement is proved, for example, in |6|, Corollary 2.4.3, Lemma 2.1.2]. 
(One needs to take into account that Quad (H) = W 1,2 (Q).) The second statement 
is proved in 0, 0, JT5 1 . 

Remark 4 Each of the constants 04,05, cq can be estimated from any of the others, 
given q, or equivalently M. 



Remark 5 If N — 1, then (d) is satisfied with q = 00 and (e) and (/) are satisfied 
with M = 1. 

If iV > 1, there exists a region, say a region with exponentially degenerate boundary 
|15| , such that (d) is not valid for any q > 2. However, if such q > 2 exists, it must 



satisfy the assumptions of Proposition 3. The appropriate range for M = is 
iV < M < 00 for iV > 3 and 2 < M < 00 for iV = 2. 

On the other hand (e) and (/), which are always equivalent || Lemma 2.1.2], could 
be also invalid for some region Q for all M > 0. However, if there exist M > for 
which (e) and (/) are valid, then N < M < 00 for any N > 1. 

Hence, if iV < M < 00 for iV > 3 and 2 < M < 00 for iV = 2, then (e) and (/) are 
equivalent to (d) where q = jfz^- However, if M = 2 for iV = 2, then (e) and (/) 
are not equivalent to (d) for any q > 2. (In this case (e) and (/) are equivalent to a 
certain logarithmic Sobolev inequality or to a certain Nash inequality || Example 
2.3.1, Corollary 2.4.7].) 



Example 6 Let N > 3 and 0<7<loriV = 2 and < 7 < 1. The following 
well known example shows that in this case, the exponents q and M in the second 
statement of Proposition 3 are the best possible, i.e., q cannot be replaced by a 
larger one and M cannot be replaced by a smaller one. Let Q = {(x,y) : y £ 
R-^" 1 ) \y\ < 1) M 7 < x < 1}. Then dQ £ Lip 7. A direct computation shows that 
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x -s e W 1 ' 2 ^) if, and only if, 8 < -1 + \{l + ^) and x~ s G L q {Q) if, and only 
if, 8 < \{l + ^=1). If (d) holds, then 

N-l\ 1/ 7V-1\ 2(7 + iV-l) 

- 1 + >-! + -! + 



g V 7 / 2V 7 / TV- 1 -7 

Since in the case under consideration (e) and (/) are equivalent to (d) it follows 
also that M > i±^±. 



Theorem 7 Assume that f2 C R is a region of finite measure. 

1. The following conditions are equivalent. 

(g) For some q > 2 and C4 > the inequality 

\\f\\Li(tt) < Q ||/||iyi,2(n) 

is satisfied for all f G W^ 2 (Q). 

(h) H has discrete spectrum and if all its eigenvalues A n ,n = 0, 1,2..., which are 
nonnegative and of finite multiplicity, are written in increasing order and repeated 
according to multiplicity and f n is the corresponding orthonormal basis of eigen- 
vectors, then there exist ai,c 7 ,a 2 ,c 8 > and an integer n > 1 such that 

X n >c 7 n a \ ||/ n || L =o (n) <c 8 A^ 2 (9) 

for all n > n . 

2. If N = 1 or N > 2, Q is bounded and dQ G Lip 7 where < 7 < 1, then 
conditions (g) and (h) are satisfied. 



Remark 8 One could also assume that conditions (9) were valid for all n > 1. 
However, the first few eigenvalues may be extremely small if Q is nearly discon- 
nected and it is not easy to provide explicit bounds on the constants c 7 , c 8 which 
apply for all n > 1. 



Remark 9 The relationship between q and (a±, a.2) is not symmetrical and we do 
not expect that a symmetrical relationship can be obtained. 

The proof of this theorem will be based on the following lemmas containing addi- 
tional information. 

Lemma 10 Let M, c 5 > and let fl C be a region of finite measure such that 
inequality (7) is satisfied for all < t < 1. Then 

fl ifO<A n <l ; 

mvw<«{£ if Xn>1 HO) 

where eg = ec$. 
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Proof If < A„ < 1 put t = 1 in (7) to get e x " ||/„||l-(Q) < c 5 . So ||/ n |U-(n) < 

M 

c 5 e An < c 5 e. If A n > 1 put t = 1/A n in (7) to get e _1 ||/ n || L oo (n) < c 5 An 4 . 



Lemma 11 Let M, cq, Ciq > and let Q C R N &e a region such that inequality (8) 
is satisfied for all x,y £ Q,0 < t < 1 and < Ci . Tnen £nere exzsfo an integer 
n > 1, depending only on c e ,c w , such that 

2 

/ n\ m 

X n > — , n>n . 11 
Vn / 

Proof By integrating (8) with x = y over i7 we get 

n oo ~ 

ne -\ n t < ^ e -A fc t < ^ e -A fc * = / K(t,x,x)d N x < ce\Q\r^, 

k=0 k=0 ^ n 

hence 

M M 

\ t nt 2 nt 2 

e n > -777: > , < i < 1. 

c 6 |S2| c 6 Ci 

By putting here t — 1 it follows that 

A n > 1, n > n = [ec 6 ci ] + 1. 
Finally, for n > n we put £ = A^ 1 to get 

2 2 
An > ( I > I — 



ec 6 ci / \n 

Lemma 12 Let M, c$ > and /e£ n > 1 be an integer. Moreover, let Q C 
fre a region of finite measure such that inequalities (10) and (11) are satisfied. 
Then there there exist c§,cq > 0, depending only on M,cg and no, such that the 
inequalities (7), (8) are satisfied with 2M replacing M. 

Proof If < t < 1 and x, y e fi, then 

oo oo 

< #(*,*,!/) = XI e ~ Xnt fn(x)fn(y) <T,^ Xnt Wfn\\l-(n) 
n=0 n=0 

- no — 1 oo 



/ n -i oo M x 

^ n=0 n=n 



Since 



c 



it follows that 



oo 

M 



E e-^Aj < c n rf E e"^ 

n=no n=no 



_M_ 1 _I(_2_)HTt _M f°° _1 

< Cxin t 2 — > e 2Kn o J < c u n t 2 / e 2 

= c n n t- M fV^ ds = c 12 t- M 
Jo 



Hence 

oo 

E^II/nlli-W^^, (12) 
n=0 

where C6 = Cg(n + C12), and (8) follows with the exponent — 4^ replaced by — M. 
Furthermore, 

00 

\\„-Ht 



7||Loo(n) = |lE e " An Vn(x)(/,/ n )|| L o 



•(O) 



n=0 



00 

2 



< Ee- A ' l 1/n||^(C)|(/,/n)| < ( £«T 2ABt ||/n 
n=( 

Hence by (0) 



1 

|2 



L°°(Q) j llil|L 2 (n)- 

n=0 x n=0 



||e^Vl|L o ( n)<(2- M c 6 ) 2 r-||/|| i2(C ) 
and (7) follows with c 5 = (2~ M c 6 )5 and the exponent — replaced by !/ 
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Proof of Theorem 7 By Proposition 3 and Lemmas 10, 11 (g) implies (h) with 
cki = j£ and 0L2 = y where M = Conversely by the proof of Lemma 12 it 
follows that (/i) implies inequality (7) with M = 2(2a 2 + ^-) which in its turn by 
Proposition 3 implies (g) with q — 1 " 



Af-2' 



4 Perturbations of the Domain 

In this section we compare the spectrum of Hi = — acting in L 2 (f2j) when 
Qi and are very close to each other in a suitable sense. We will also need to 
assume regularity, since it is known that even if Qi has smooth boundary and Q 2 
only differs from it in an arbitrarily small neighbourhood of a single point of dQi, 
the spectrum of H 2 need not be discrete. 

We start with the more general argument. Following ]7[ Chapter 4] we define the 
variational quantities \i n ^ for all non-negative integers n by 

fj, n> i = inf{/x(L) : dim(L) = n + 1} 

where /J,(L) is defined for every finite-dimensional subspace L of L 2 (f2j) by 

fi(L) = S up{Q l (f)/\\f\\ 2 L2m :0^feL} 

and Qi are defined as in (llj). Note that fio,% — since is an eigenvalue of Hi 
for 2=1,2. It is known that fi n ^ are equal to the eigenvalues of Hi written 
in increasing order and repeated according to multiplicity in case Hi has compact 
resolvent. 
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Theorem 13 Let Q\ C H N be a region of finite measure. 
1. ///or some g > 2, c 13 > 

U«(no < c i3 ||/||wi.2(ni) (13) 



n,l 



/or a// / G W ' (fii), £/ien /or every integer n > 1 t/iere exisi b Hj i = &n,i(fii),£ 
£n,i(^i) > snc/i £/ia£ /or a// regions Q 2 C ill, satisfying \Qi\Q 2 \ < £n,i> ^ e 
inequality 

Vn,2 < (l + &n,ll^l\^2|)A n ,i (14) 

holds. 

2. // m addition, M(dfl±) < N, then for every a e (0, AT — M(dfii)) and /or 
every integer n > 1 i/iere exzsi o„ 5 2 = 0^,2(^1), £n,2 = £71,2(^1) > snc/i that for all 
< e < e n> 2 and for all regions Vt 2 , satisfying Qi \ d £ Qi C Q2 C Jli, i/ie inequality 

Hn,2 < (l+On,2^)A„,l (15) 

/io/ds. 

Proof 1. Let L = lin{0 o , ...,</>„} where 0j are the eigenf unctions of ifi associated 
with Aj ; i and let M = PL where P is the restriction map from L 2 (tti) to L 2 (f2 2 )- 
By Proposition 3 it follows that there exist M > 2 and C5 > such that inequality 
(7) is satisfied with Q± and Hi replacing Q and H for all < t < 1 and / e L 2 (f2i). 

n 

Hence if / = I] «fc0fc £ ||/IU 2 (n) = 1, then by (7) where t — 1 applied to e^ 1 / 

fc=0 

we have 

n 

||/IU°°(n) < c 5 \\e Hl f\\ L 2 (n) = c 5 || ^ a fc eAfc,1 ^IU 2 (^) 

fc=0 

n 

< c 5 (E l«fc| 2 e 2A M)5 < C5 e A ".i. 

fc=0 

Furthermore 

ll-P/lll 2 (ni) = ll/lll 2 (n 2 ) = ll/lll 2 (ni) ~~ H/llL 2 (Qi\f2 2 ) 

> 1 - |n x \ n 2 \ ||/|||oo (nAf , 2) > 1 - 4 e 2 ^ 1 ^! \ n 2 \. 

Assume that |O x \ 2 | < (2c 2 5 e 2Xn - 1 )- 1 . Then 

||P/|| L2 V ) <l + 2c 2 e 2A ^|fi 1 \fi2|. 

Ug = Pf where f E L and ||/||i, 2 (ni) = 1, then 

_M9l_ W) < (l + 2c 2 e 2A -^ 1 \^ 2 |)gi(/) 



\\9\\ L 2 (n 2 ) \\Pf\\ L 2 (Oi) 

Since dim(M) < dim(L) = n + 1, the first statement of the theorem with b n> i = 
2c 2 e 2A ™' 1 and e n> i = follows by using the variational definitions of fj, n>2 and A nj i. 
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2. If M(dQ,i) < N, then for every a G (0,N- M(dfl)) there exist e 1 = Sx(a), a x = 
cli(<j) > such that for all < e < E\ 

<a x e% (16) 

Hence the second statement of the theorem with 6 n 2 = ^n,i fl i an d < e < e n ^ = 
_ j_ 

min {6 n 2 , £1} follows from the first one. 

Remark 14 The size of b nt i(fl) and e n ^(Q) depends upon A nj i. An upper bound 
to A ni i can be given in terms of the inradius r = max {d(x) : x 6 11} as follows. 
If B(a,r) C Q, then A n>i < 7„ ia ,r where 7„ ja ,r is the nth eigenvalue of —A in 
L 2 (B(a,r)) subject to Dirichlet boundary conditions. By scaling one also has 

ln,a,r = 7n,0,l r " 2 - 

Remark 15 If for some a, C14 > 

Wd^fWm^) < c u ||/|| w i,2( ni ) 

for all / G W l,2 (Qi), then both statements of Theorem 10 are valid by Corollary 
2. 



The conditions of Theorem 13 are not sufficient to establish that H 2 has a compact 
resolvent, since dQ 2 may have arbitrarily bad local singularities subject to the 
above conditions. In order to obtain an inequality in the reverse direction we make 
further assumptions. 

Corollary 16 Assume that Vt\ satisfies the conditions of the first part of Theorem 
10 and for some a > inequality ( |T6D holds. Moreover, let regions Qs(e),e > 0, be 
such that 

(i) n 3 (e)cn 1 \d e n 1 , 

(ii) there exist e 2 , a 2 > such that for all < e < e 2 

Pi\^{e)\<a 2 e^ 

(Hi) for every integer n > 1 there exist b n ^ = ^,3(^1)5^,3 = ^,3(^1) > such 
that for all < e < e n ^ 

Hn,3 > A ni i(l — b n ^e a ). 

Then for every integer n > 1 there exist b n ^ = b n ^(Qi), e n ^ = £ n ,4(Pi) > such 
that for allO < e < e n ^ and for every region Q 2 , for which inequalities ([13|) and ([16]) 
holds with Q 2 replacing Q\ (with the same q, C13, a, ai, £1) and Q\ \d £ Q\ C Q 2 C fii, 
the inequality 

(1 - b nA e°)\ n , x < A n , 2 < (1 + b nA e°)\ n , x (17) 

holds. 



11 



Proof An application of Theorem ^ to the pair f^, &i yields 
for < e < E n7 2- In particular, 

•^n, 2 < (1 + ^n,2 £ n,2)^n,l- 



An application of Theorem [13] to the pair fi 3 (e), fi 2 yields 

AV3 < (1 + K,^)K,2 

for < £ < £ nj 5, where b n ^ = 2c\e 2Xn - 2 and e n $ = min {b n l , Note that 6 nj 5 < 

_ j_ 

6 ni6 ande„ i5 > e nfi where 6„ i6 = 2cfexp (2(l+6 nj2 £^ 2 )A n) i) and e n)2 = min {b n £ , £1} 
depend only on n, cr and Q±. Together with assumption (Hi) this yields fllTD- 

The above theorem may be applied to regions with Lip 7 boundaries. We start 
with the simplest example. Let < 7 < 1, M, k > and let 

Qi = {x G R N : < x N < (f>i(x),x G G}, i = 1,2, 

where G is a bounded region in R^ -1 with a smooth boundary. We assume that 



\<t>i{x) - Uv)\ <M\x-y\\ x,yeG, i = 1,2, 

and 

AT 1 < <j>i(x) < k, x EG, z = l,2. 

We do not assume any relationship between the directions of normals of fl± and 
Q2, or even that these normal directions exist. 

Lemma 17 Under the conditions of the last paragraph for every integer n > 1 
there exist b n j = b n ^(Q\),e n j = e n j(p,i) > such that for all < e < e n ^ and all 
4>2, satisfying 

(1 - e)0i(x) < <fa(x) < <pi{x), x G G, 

the inequality 

(1 - b nJ e)X nA < A„ >2 < (1 + b n je)\ n> i 

holds. 

Proof Since dQ\ G Lip 7 it follows, as noted in Proposition 3, that inequality 
(p~3|) is valid for some q, c\% > 0. Moreover it also holds with Q 2 replacing 
(with the same q, C13 > 0). Since the operator H 2 has compact resolvent and 
1^1 \ ^2! < A;e|G|, inequality flU] ) yields 

A„, 2 < (1 + b n , x k\G\e)\ n>1 . 

Similarly for 

n 3 (e) = { x G : < x N < (1 - e)&(x), x G G} 
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where < e < 1/2 we have 

A„, 3 < (1 + b n;1 k\G\£)X n! 2. 

To derive the estimate below for A„ 5 3 we transfer the quadratic form Q% to L 2 (Qi) 
by means of the unitary map U e : L 2 (Qi) — > L 2 (Q 3 (e)) defined by 

(UJ)(x,x N ) = (l-e)- 1 ' 2 f(x,(l-e)- 1 x N ). 

The inequality 

Qi(f)<Q 3 (U e f) 

valid for all / G W 1,2 (fti), yields the inequality A„ i < A„ i3 by the variational 
method. 

We now turn to the application of Theorem [13] to a general region of Holder type. 
The proof of our main result, Theorem 21, depends upon the construction of map- 
pings T £ of fl into itself satisfying the properties (20), (22) and (25) below. 

Other definitions of regions of Holder type are possible but Theorem 20 is still valid 
for such definitions provided similar mappings can be constructed. The underlying 
idea of that theorem can also be applied to uniformly elliptic operators of the form 




subject to Neumann boundary conditions provided the coefficients are Holder con- 
tinuous in some neighbourhood of the boundary. 

Let a bounded region f2 C H N be such that dtt G Lip (7, M, 5, s, {Vj} s j=1 , {Xj} s j=1 ). 
Then also dtt G Lip (7, M, f , s, {{Vj)s} a j=1 , {Xj} a j=1 ). Note that (V,-)| = A" 1 ^)* x 

(5jvj, bNj)) where ajvj = OjVj + §>&iVj = &jVj — § ' an< ^' m addition to conditions 1) 
and 2) of the appropriate definition, also the following condition is satisfied 

dnn\j 1 ((W j )ix[a Nj -~,a Nj )) = 0, j = l,...s. (18) 

2 Z(: 

Moreover, let functions ipj G C°°(R JV ) satisfy < ipj < ^supp^j C (Vj)3 S , \Vif)j\ < 
|, where b > is a constant, j = 1, s, and ipj( x ) = 1 for x E fl. 

3=1 

Let c 7v = (0, ...,0, 1) and £ 3 - = Xj 1 (eN),j = 1, ...,s. For x G R^ and e G (0, |] 
define 

s 

T £ (x)=x-eJ2tMx)- (19) 
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Lemma 18 Let a bounded region Q C K N be such that d£l G Lip (7, M, 5, s, 
{Vj}j =1 , {\j}j =1 ) . Then there exist A ly A 2 , A 3 , e 3 > 0, depending only on N,j,M, 
5, s, {Vj}j =1 , {Xj}j =l , such that for all < e < £3 



dT ■ 

X) - bij 



< Axe, x G R N , (20) 



dXj 

in particular, the Jacobian determinant Jac (T £ , x) satisfies the inequality 
1 



Moreover, 



< 1 - A 2 e < Jac (T e , x) < 1 + A 2 e, x G R . (21) 



fi\9 E ficT £ (fl)cfi\^ £ in. (22) 



Proof 1. Since the Jacobi matrix of the map T £ has the form / + eB where / is 
the identity matrix and B is a matrix whose elements are independent of e and 
bounded: \bij\ < y, it follows that there exists A\ > 0, depending only on N, 8 and 
s such that inequality (|20| ) is satisfied for all < e < 1. Hence, for all sufficiently 
small £ > and for all x G inequality (^Tj) is satisfied. Consequently, for all 
those e the map T £ : R N — > R w is one-to-one. Indeed, it is locally one-to-one 
since Jac(T e ,x) > | and it is also globally one-to-one since \x — y\ > 2e implies 
T e (x) ^ T £ (y). Also T e (fi) is a region and T £ (dn) = <9T e (0). 

2. For x G R N let 

J(x) = {j G : x G (V$)|,}. 

The inclusion supp ipj C implies that iftj(x) = for j G" J(a;) and 

T £ (x) = x-e J2 ^A x )- 

j£j(x) 



Let 



and 



We claim that 



and 



jeJ(x) 

C(x,s) = {e c*j£,j, ctj > 0, ctj < 1}. 
jeJ(x) jeJ{x) 

(x - C(x)) n ( p| Vj)cn, x G ft, (23) 

r 

C(x,e)) C ftn( f) Vj), xen,0<e<-. (24) 

ieJ(a>) 



Also 

(a; - C{x)) n ( P| ^)cfi, x G ft, (25) 
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and 



[x-C(x,e)) C fin( f| Vj), xeCl,0<e<-, 
jeJ(x) 



(26) 



which implies, in particular, that T £ (Cl) C CI. 

Indeed, let x G CI and j% G J(x). Since x G Vj x f] CI and Aj a (X^j fl fi) is a subgraph 
it follows that {x — (Xj 1 £j 1 ,aij 1 > 0} fl Vj 1 C CI. Next, let j 2 G J(x),j 2 ^ ji, 
and for some aj 1 > 0, x — G fl Vj 2 . For similar reasons it follows that 

{x — a:^^ — «j 2 £j 2 , Oj 2 > 0} fl Vj 2 C f2, hence 



{X QJj'i^Ji %'2C 

and so on. Since for y E C (x, e) 



Ja , a il; a i2 > 0} n n Vj 2 c ft 



| y | = £ £ Q^. < £ £ Qj . < £ < 



j€J(x) 



condition (18) implies that for all j G J(x) 



ar-C(a;,e) C ((Vj) M ) 3 C Vj. 



Hence x — C(x, e) C fl and, by (p3|) , ([24]) follows. If x G O, then in the 

argument above one may assume that a,- > 0,j G J(x), hence and ( |2"6] ) 
follow. 



3. Assume that < e < min {^, f } and x G dfl. Then 



d(T E (x)) < \T e x-x\=e 



J2Zjipj(x) < e^2iffj(x) = e. 

3=1 3=1 



(27) 



Given x G Cl there exists a > such that x G T e (fi) for all < e < a and 
x G 9(T CT (Q)) = T a (dCt). Hence d(x) < a. So d(x) > e implies x G T £ {Cl) and 
Cl\d E Cl C T 6 (fi). 

4. Let dj(cc) be the distance of x G f2 fl Vj from the boundary dCl in the direction 
of £j, i.e., dj(x) = <j)j(Xj(x)) — (Aj(x))jv- Then it is known that there exist > 
such that for all j = 1, s and all x G fi fl Vj 

A 4 dj(x)~ < d{x) < dj(x). 

5. Let x G Cl and j G J(x). Then, for < e < f , T £ (x) G ft H (Vj)s and 

d(T e (z)P > AI<ij(T £ (x)). 

By Step 2 

[T e (x),T e (x) +etl> j (x)£ j ] C {T £ (x) +e(^j(x) - «j)£j,0 < «j < ^-(a?)} 
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= {x — Eajt^j — e £iif)i(x), < atj < C x — C(x, e) C Q, 

i£j(x),ij^j 

hence 

d^T^^e^ix). 

Thus for all j G J(x) 

d{T £ (x)y > Ale^j{x) 

and 

sd{T £ {x)y > \J{x)\d{T £ (x)y > Ale ^ ^(x) = Ale. 

jeJ{x) 

Consequently 

d(T £ (x)) > AuTt£7, 
which implies that T e (fi) C £l\d^ ifi where = A^s~~ . 

Lemma 19 Under the conditions of Lemma 18 there exist A 5 ,e^ > 0, depending 
only on N, 7, M, 5, s, {Vj} s j =l , {\j}j =1 , such that for all < e < £4 

\Q\T £ (Q)\ < A 5 e. (28) 

By (2) \n \ d £ Vl\ < A^e 1 and < A 7 £. Therefore the left inclusion of 

(22) immediately implies that |f2\T e (f2)| < A^e 1 but (|28| ) makes a stronger claim: 
estimate (|28T) has the same order in e as the estimate for \Q \ d iQ\. 

VLJJ/ I \ Ai£ - 

In the proof of Lemma 19 the following property of regions satisfying the cone 
condition will be used. We say that C is a cone of size 6 > if 

C = {(x, x D ) e R D : < x D < 5, x e x D K} 

where K is an open convex set in R 15-1 such that G K C -8(0, 1). 

Lemma 20 Let 5 > 0, U, U' be bounded regions in R D_1 and U' C U$. Moreover, 
let 0,-0 :U — > R, V = {(x, x D ) G R D : x G U, ip{x) <x D < <p{x)} and let C C R D 
be a cone of size 5. If 

(x, 4>(x)) - C C V for all x G U' , 

then cf) satisfies the Lipschitz condition on U'. Moreover, the Lipschitz constant 
depends only on K . 

The proof uses that {(x, <p(x) + C} fl V = because otherwise (x, 4>{x)) G V. 
Proof of lemma 19 1. For any subset Jc {1, s} put 

Vj = {xeK N : J(x) = J}, 

so H N is the disjoint union of all Vj : R w = fl Vj, and 

j 

n\T e (n) = U(v>n(n\r e (n))). (29) 
j 
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We will prove that 

Vjn(n\T £ (n))c(d 2£ v,j)uv} £ \ (30) 

where 

V} £) = {Vj nffi- AjeaO, < a < 1}, (31) 
A j is a certain positive number and £j is a certain unit vector in R^. 

2. First let J = {i}. Then for all x G Vj we have J(x) = {z} and ^(x) = 

= 1- Hence for all x G Vj 

T £ (x) = x - e£i 

and for all 2 G T e (Vj) 

T- 1 ( Z ) = 2 + ee i . 

Assume that x G V} n (ft \ T e (fl)). Since a; G" T E (fi) and T e (x) G T s (fi), there 
is a point z G <9T e (f2) = T e (<9f2) which lies in the interval (x — e£i,x). Hence 
y = T~ l (z) = z + e& G dtt, x G = {y,y- e&) C 1/j £) and (0) follows. (In 
this case the first entry of the union in the right-hand side of ( j30|) can be omitted.) 

3. Next let J = {i,j}- Then, for all x G Vj, J(x) = {i, j}, 

T £ (x) = x - e{$i(x)£i + ipj(x)Q. 

Let 

C.j = + oc 2 £,j, «i, a 2 > 0}, 
Cj(e) = {e(cti£i + a 2 £j), ai, a 2 > 0, ai + a 2 < 1} 

and let 2 G (V^m D (K)m H fi. Since J C J(x), by Step 2 of the proof of Lemma 

44 

18 it follows that 

Vi n ^ n (x - Cj) c k n Vj n (a? - C(x)) c n (32) 

and 

x - Cj(x) ci- C(x, e) c v» n Vj n (33) 

3.1. First assume that £j and £j are proportional. Let & = — £j. If x G V* fl Vj fl<9f2, 
then x — a£j G fl for small a > and x — a£j G for small a > 0. So x + a£j G 
and x — a£j G for small a > which contradicts condition 2) in the definition of 
a boundary of class Lip 7. Thus & 7^ — £j, hence & = £j and 

T e (x) = x - e{^i{x) + ipj(x))£i = x - e&. 

Similarly to Step 2 we obtain inclusion (|30|) - fl3l"D where O = £i an d A/ = 1- 

3.2. Next assume that & and £j are not proportional and set £j = J^j- Let Aj 
be a rotation such that = and the image of the plane spanned by & and 
£j is the plane spanned by ejv,ejv-i- Inclusion (|32"D implies that 

n n {x - a£j, a > 0} c fi. (34) 
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3.3. Let 

Hj = XjiVi n Vj n n), h'j = Aj((^) f n (^)f n a) 

and Gj, Gj be the projections of Hj, H'j respectively, onto the hyperplane xn = 0. 
Condition fl3~4j) implies that for all x G G j there exist <f>j(x),ipj(x) such that 
(x, (j)j{x)) G f2, ipj(x) < 4>.j{x) and the intersection of the line, parallel to and 
passing through (x,0), and if/ is (ipj(x),<f)j(x)). Hence 

Hj = {(x,x N ) eR N : x eGj, ipj(x) <x N < 4>j{x)}. 

Furthermore, by (|3^), for all x G G'j 

(x,<f>(x))-\j(Cj(e))cHj. 

3.4. Next we apply, for fixed X\, xn-2, Lemma 20 where D = 2, 

C = Xj(Cj(e)) C R^_ liejv = {(x N -i,x N ) : x N -i,x N G R}, 

5 = e, if = {xn-i < sin^-} (ctj is the angle between & and Z7 and £7' 
are the projections in R-ew-i ejy on t° the line xat = of the cross-sections of j, 
G'j respectively, in R^~!ev-i by ^he ^ ne P arane l to eAr_i and passing through 
(xi, xn-2, 0), = 0j, V' — ^J- It follows that, for fixed x±, ...,xn-2, the function 
4>j satisfies the Lipschitz condition in Xjv-i- Moreover, the Lipschitz constant 
Lj depends only on K, hence on atj, therefore is independent of X\ , . . .X N—2 ■ (In 
fact Lj = cot ^-.) Thus, the function 0j satisfies the Lipschitz condition in x^-i 
uniformly with respect to x 1; ...,Xjy_2 '■ 

\<f>j(xt, ...,XAr_ 2 ,XAr_i) - (j)j{x 1 , XjV-2, VN-l) | < Lj\x N - X ~ DN-l\ 

for all Xx, x N _ 2 , Zjv-i, Vn-i satisfying {x x , ...,x N _ 2 , Zat-i), {x u x N _ 2 , Vn-i) e 

3.5. Assume that x G (Vj) 2e Cl{Q\ T e {Q)). Since x £ T e (fi) and T £ (x) G T e (fi), 
there is a point z G <9T e (fi) = T e (<9fi) which lies in the interval [x, T E (x)). Let 
y = T~ l (z) } then y G If y & Vj, then by (J27|) 

d(x, 9V}) < |x - y| < |x - z\ + \z - y\ < |x - T £ (x) \ + \y- T £ {y)\ < 2e, 

which contradicts the assumption x G (Vj) 2e . So y G Vj fl <9fi, hence z E y — Cj[e) 
where Cj(e). 

Let Aj(x) = (3,\j(y) = r),\j(z) = ( and let dj(x) denote the distance of i G 
from dQ in the direction of the vector £j, then 

/3 = p N _ 2 , Pn-i,Pn),V = (A, ...,P N -2, Vn-i, Vn), 

Vn — <fiij{Pu •••) A/v-2> Vn-i), C — (A, Av-2, Cjv-i> GvX 
dj(x) < /3jv-2, /3jv-i) - 
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Since also z G [x,T e (x)) C x — Cj(e), it follows that 

\Vn-i ~ Cn-i\, \vn ~ Cn\ <\t}-C\ = \*-T e (z)\ < £ > 

|Cjv-i ~ Pn-i\ <\z-x\< \x-T £ (x)\ < 6. 
Also Ctv < Pn- Therefore 

dj(x) < <f>j(Pu Pn-2, Pn-i) ~ <Pj(Pu /?JV-2, »7jv-i) 

...,Pn_ 2 ,Vn-i) - Pn < Lj\p N _x - r/iv-il +r] N -( N 
< Lj(\p N _t - Cn-i\ + lOv-i - W-il) + £ < (2Lij + l)e. 
Hence © - (0) holds where = 2Ly + 1. 

4. The argument for the cases in which the number of elements in J is greater 
than 2 is similar. Let, for example, J = k}. If dim Span{£j,£j, = 1, then 
£i = £j = and we set £j = £j and argue as in Step 3.1. If dim Span £j, = 
2, then we take any two linearly independent vectors, say set O = l^xf 2 ! and 

argue as in Steps 3.2 - 3.5. If dim Span £j, = 3, then we set = 
and argue as in Steps 3.2 - 3.5. In this case the appropriate function 0j satisfies 
the Lipschitz condition in xjv_i,xjv-2 uniformly with respect to xi, xjv-3- 111 
Lemma 20 one can take K to be the projection of Cj(e) onto = and 5 = 
inf {xat : (xjv-3, xat_ 2 , zjv-i) <E Cj(e)}. 

5. By (H) and (0) 

|n\T e (n)|< £ (\d2eVj\ + \v}% 

JC{l,...,s} 

Since each summand does not exceed e multiplied by a constant depending only 
on N, 7, M, 5, s, {Vj}j =1 and {Xj} s j =l , inequality ( p8|) follows. 

The proof of the following theorem can be adapted to any situation in which maps 
A e exist with properties flSlp -(P5|). 

Theorem 21 Let AT > 2, < 7 < 1, M, <5 > and integer s > 1. Moreover, let 
{Vj}j =1 be a family of bounded open cuboids and {Aj}| =1 a family of rotations. 
Suppose that Q± C zs a bounded region such that dQ± G Lip (7, M, 5, s, {V}}? =1 , 
{MS- ,)• 

Taen /or every integer n > 1 iaere e:rzs£ 6 ni 7 = 6 n ,7(^i)j £n,7 — £n,7(^i) > 
snca i/iai /or all < e < e n) 7 and /or a// bounded regions Q2, for which <9f2 2 G 
Lip (7, M, 5, s, {Vj}j =1 , {Xj}j = i) and Qi \ d £ Qi C 2 C 1; the inequality 

(1 - 6 n , 7 £ 7 )A njl < A„, 2 < (1 + 6 n>7 £ 7 )A n>1 (35) 

holds. 
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Proof 1. Since dfl\ G Lip (7, M, 8, s, {V^}| =1 , {Aj}j =1 ) it follows that inequality 
fljjD holds, where g > 2 and c 13 > depend only on N, 7, M, 5, s, {Vj}j =1 , {Xj}j =1 



ig, @, 0. Since also <9fi 2 G Lip (7, M, 5, s, {Vj} s j=1 , {\j} s j=1 ) inequality (0 



holds with 0,2 replacing f2i with the same q and C13. Furthermore, by (2) there 
exist A 8 , e 5 > 0, depending only on N, 7, M, 5, s, {Vj} s j=1 , {Xj} s j=1 such that for all 

< e < e 5 

\d £ n 1 \,\d £ n 2 \<A 8 e\ 



2. Let 



Then by Lemmas 18 and 19 there exist A9, Alo, Aq, £6 > 0, depending only on 
N, 7, M, 5, s, {Vj} s j=1 , {\j}j = x), such that for < e < e 6 



and 



which implies that 



n 3 (e) = A £ (n 1 )cn 1 \d £ n 1 , 

\Q 1 \Q 3 (e)\<A a e"' 



dA F 



(x) - 8i 



< A 10 e\ 



(36) 
(37) 

(38) 



- < 1 - A u e~< < Jac (A e , x) < 1 + A n £ 7 , x G 



(39) 



and the map A e : — ► A E (Qi) is one-to-one. Denote U £ = A e 1 . 

3. Next we obtain a lower bound for fi n ^ by applying the idea used in the proof of 
Lemma 13 based on the variational method. 

If L is an (n + l)-dimensional subspace of L 2 (f2i), then L = {f(U e (x)), f G L} is 
an (n + l)-dimensional subspace of L 2 (A e (f2i)), and conversely, if L is an (n + 1)- 
dimensional subspace of L 2 (A e (f2!)), then L = {g(A £ (x)), g G L} is an (n + 1)- 
dimensional subspace of L 2 (Qi). Therefore 

Jn 3 ( £ )\Vg\ 2 d N y 
= f.'f +1 SU ?"f laPd^y 

L:dimL=n+l 9£i Jfi 3 (e) l#l a 2/ 
L:dimL=„+i%? | f(U E (y)) | 2 d^y 



Note that 



N N 

E E 

<=] 

9/ 



9/ 



(u £ (y)) 
d(u £ (y)) t 



d{U £ {y)) k 



dyi 



dyi 



N N 



+EE' 

i=l fc 7=1 



3/ 

da;*. 



d{U e {y))kd{U e {y))i 



dyi 



dyi 
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where means that summation is taken with respect to such k, I that either k ^ i 
or I ^ i. 

Recall that 

d(Ue(y))k A ,, JJ f VXX-l 

= A ki (Jac{A £ ,U £ {y))) , 

dyi 

where (—l) k+t A^i is the determinant obtained by deleting k-th row and z-th column 
in the Jacobian Jac (A e , U £ (y))). The Jacobi matrix of the map A £ has the form 
/+ (^-) 7 5, where / and B are defined in the proof of Lemma 18. Hence (— l) fc+l A^ 
is the determinant of the matrix I ki + (-^)^Bki, where 1^ and are obtained by 
deleting fe-th rows and i-th columns in matrices /, B respectively. Since \Ia\ = 1 
and \Iki\ = if k ^ i and the elements of the matrix B are uiformly bounded, 
there exists Ai 2 , e-j > 0, depending only on N, 5 and s, such that for all < e < e-j 
and y G A e (fix) 

d(U e (y))i 



1 

- < 1 
2 ~ 



and 



- A l2 e^ < 
d(U e {y))k 



dyi 



< 1 + A l2 e^ 



dyi 



< A 12 e 7 , i,k = l,...,N, k^i. 



Consequently there exists A V3 > 0, depending only on N, 5 and s, such that for all 
< e < e-j and y E A e (fii) 

(1 - ^)|(V/)(f/ £ (y))| 2 < \V(f(U £ (y)))\ 2 < (1 + A 13 e^)\(Vf)(U £ (y))\ 2 

Therefore, by changing variables: y = A £ (x) and taking into account inequality 
(|38|) , we have 

Vn,3 > (1 - ^i3^ 7 . .. inf sup — - M — ,7777 7 jjy 

L:dimL=n+l /eL | / ([/ £ (y) ) 1 2 d N V 



A 13 e- 



inf 



sup 



JnJ(V/)(x)|Jac(A £ ,x)|d^; 



L:dimL=n+l /eL | | 2 1 JaC ( A £ , x) \ d N X 

f Wf\ 2 d N r 

> (1 - A 1 ^){1 - A n ^)(l + Ane^)- 1 inf sup Jn / 1 , {' - . 

L:dimL=n+l /eL J ni \f\ 2 d N X 

Hence, finally, there exist 69, Eg > 0, depending only on N, 7, M, 5, s, {Vj}j =1 , {Xj}j =1 , 
such that for < e < £9 

/^n,3 > (1 - £ 7 &9)A„,1. 



Now the theorem follows by taking into account 
lary 16. 



and (^) , and applying Corol- 
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